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Abstract
A number of near-extremal conditions are utilized to simplify the equation of motion of the
neutral scalar perturbations in generalized spherically symmetric black hole background into a dif-
ferential equation with the Po¨schl-Teller potential. An analytic formula for quasinormal frequencies
is obtained. The analytic results are confirmed numerically by Asymptotic Iteration Method and
Spectral Method. It is found that our simplification technique works regardless of the types of
near-extremal limits and the approximation is very accurate. We have confirmed this statement
with black holes and black strings. The analytic formula is then used to investigate Strong Cosmic
Censorship conjectures (SCC) of the generalized black hole spacetime for the smooth initial data.
The Christodoulou version of the SCC is found to be violated for certain regions of the black hole
parameter space while the C1 version of the SCC is always valid.
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I. INTRODUCTION
A number of gravitational wave events has been detected by the Laser Interferometer
Gravitational-Wave Observatory. The discovery of these gravitational waves confirms that
the gravitational disturbances propagate through space at the speed of light [1, 2]. These
waves carry encoded information in their oscillatory modes unique to the sources. Since the
source loses energy in the form of gravitational waves, it is described by the so-called quasi-
normal modes (QNMs) where an associated frequency consists of real and imaginary part.
The real part refers to frequency of oscillation while imaginary part associates with decaying
or growing (this happens when there is superradiance) characteristic time of the wave [3].
It is possible to detect the quasinormal modes in various events such as falling of massive
stars into a supermassive black hole and a merging of black holes or any highly compact
objects to form a new black hole [4]. For merging binaries, the quasinormal modes of the
merged object are found in the ring down and contain information about the mass, charge,
spin, and other possible “hairs” of the final black hole. It is even possible to distinguish a
black hole from a wormhole and other exotics from the emitted QNMs[5–7].
The study of QNMs of black hole has a long story. A vast number of black holes in asymp-
totically flat, de-Sitter (dS) and Anti de-Sitter (AdS) spacetimes are studied in the context
of QNMs (see [3, 4, 8] for a well-written review on this subject). Among those black hole
backgrounds, extremal black holes are interesting by their own nature. An extremal black
hole possesses zero surface gravity. Thus black hole’s evaporation ceases when it reaches
its extremal limit. An extremal Reissner-Nordstro¨m black hole is shown to have vanishing
entropy despite having non-zero horizon area [9]. The stabilities of near-extremal black
holes are also investigated by many authors. It is shown that extremal BTZ, charged and
rotating black hole are all stable against small perturbations [10, 11]. Moreover, analytical
study of QNMs of extremal Schwarzschild dS black hole is performed by using Po¨schl-Teller
technique [12, 13]. Later, QNMs of near-extremal Schwarzschild with positive cosmological
constant is numerically calculated by Yoshida [14].
Near-extremal black hole has recently received many attentions. It has been conjectured
that the violation of strong cosmic censorship is closely related to the stability of the Cauchy
horizon. In particular, it is shown that SCC might be violated in the near-extremal regime
of Reissner-Nordstro¨m dS black hole [15–17]. In addition, the fate of SCC are studied in
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many contexts e.g. Kerr-Newman dS black hole [18], fermionic field [19, 20], non-minimally
coupled scalar field [21] and recently in Born-Infeld dS black hole [22].
In the previous work [23], we study the QNMs of scalar perturbation on neutral dRGT
black string in the near-extremal limit with positive cosmological constant. The scalar wave
equation reduces to a well-known Po¨schl-Teller [24] form in the small universe limit (where
the event horizon approaches the cosmic horizon). An analytic formula for the quasinormal
frequencies can then be obtained. In this paper, we extend our previous results by consider-
ing the near-extremal charged dRGT black holes and black strings with positive and negative
cosmological constant. Not only in the near-extremal case where event horizon approaching
the cosmic horizon, i.e., small universe scenario, but we also found that the approximation
can be extended to the more generic cases of near-extremal black hole spacetime where the
Cauchy approaching the event horizon but remotely separated from the cosmic horizon, i.e.,
large universe scenario.
This paper is organized as follows. In section II, we explore various types of extremal
black holes whose background parameters will be slightly altered to create near-extremal
black hole condition. The near-extremal quasinormal modes of charged black holes in dS and
AdS massive gravity background are analytically solved in section III. Numerical methods
are used to confirm the analytic results. Both analytic and numerical results are compared
in section IV for asymptotically dS and AdS background. Implications for SCC are analyzed
in Section V. Analog black string is discussed in Sect. VI. Section VII concludes our work.
II. VARIOUS TYPES OF NEAR-EXTREMAL BLACK HOLE IN MASSIVE
GRAVITY BACKGROUND
The spacetime of charged black hole in dRGT massive gravity is given by [25]
ds2 = −f(r)dt2 + f−1(r)dr2 + r2dθ2 + r2 sin2 θ dϕ2, (1)
where
f(r) = (1 + ǫ)−
2M
r
+
Q2
r2
−
Λ
3
r2 + γr. (2)
The mass and charge of the black hole are denoted by M and Q. The cosmological constant
Λ, the parameter γ and ǫ are naturally generated from a graviton mass in dRGT massive
gravity. The γ term is associated with universal acceleration of the test particle (similar
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effect to MOND [26]) moving in the vicinity of the black hole and ǫ can be rescaled away
if we assume the spatial flatness of the observed Universe [27]. We can also take this form
to be the generalized spherically symmetric metric of the black hole spacetime and study it
phenomenologically.
The metric function (2) has four possible roots. Each real positive root corresponds
to a horizon of the black hole. For an asymptotically de Sitter (dS) spacetime, where
Λ > 0, the roots of f(r) are r−, rC , rH and rΛ. The r− has a negative value, which is
unphysical. The rC is the Cauchy horizon, also referred to as the inner horizon which covers
the singularity. The rH is the event horizon and rΛ is the cosmological horizon. For an
asymptotically AdS spacetime, where Λ < 0, the possible roots of f(r) are rC , rH , rΛ− and
rΛ+. An extremal black hole is a black hole with two horizons coincide into one. The surface
gravity associated with the extremal horizon is zero. This causes the extremal black hole to
possess zero Hawking temperature. However, extremal horizon only occurs at precise value
of spacetime parameters. Slightly off setting would result in a near-extremal black hole or
a naked singularity. In this work, we shall specifically focus on the near-extremal scenario
with nonzero cosmological constant.
We shall now analyze the numerical roots of f(r) in asymptotically dS case. In Fig. 1,
the parameter space of Q2 and γ is shown. The ∃ rC , rH , rΛ is a region where f(r) has three
positive real roots, thus black holes in this region possess three distinct horizons. The region
labeled as naked-dS is a region where black hole has only one (cosmological) horizon. The
boundary between ∃ rC , rH , rΛ and the upper naked-dS region in Fig. 1a is the extremal
case where rC = rH . Another extremal case with rH = rΛ is illustrated as the boundary of
the shaded area and the lower naked-dS region in Fig. 1a. Small shaded regions below and
above these lines are the near-extremal conditions where rC ∼ rH and rH ∼ rΛ, respectively.
We notice that the case, where rH = rΛ which yields a very small physical spacetime region,
vanishes for γ > 0 as displayed in Fig. 1b. The example plots of near-extremal cases are
shown in Fig. 2
For asymptotically AdS case with Λ < 0, f(r) has four positive real roots. There are rC ,
rH , rΛ− and rΛ+. The rC and rH are Cauchy horizon and event horizon respectively which
are similar to their counterpart in asymptotically de-Sitter space. The rΛ− acts as if it is
rΛ in asymptotically de-Sitter space. The physical Universe bounded between rH and rΛ−
behaves locally similar to the physical Universe from asymptotically de-Sitter space. The
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FIG. 1. A γ-Q2 parameter space with M = 1, ǫ = 0 and Λ = 0.03. (Left) parameter space of black
holes with γ < 0 has three distinct regions. (Right) parameter space of black holes with γ > 0 has
two distinct regions where the naked-dS region is of the same type as the upper region of the left
figure.
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FIG. 2. Behaviour of f(r) in a near extremal case with positive cosmological constant.
rΛ+ plays a similar role to the event horizon for another physical universe. This universe is
asymptotically AdS and possesses only one horizon.
The numerical roots of f(r) with negative cosmological constant are investigated in Q2-γ
parameter space. The results are shown in Fig. 3. In Fig. 3a, the shaded area denotes the
black holes with two positive real roots, rΛ− and rΛ+. The naked-AdS area refers to the
case where f(r) has no real root. The boundary between these areas is the extremal case for
which rΛ− = rΛ+. Below this extremal line is the near-extremal limit for black holes with
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FIG. 3. Parameter spaces of black holes with M = 1, ǫ = 0 and Λ = −0.0015. (Left) parameter
space of black holes with two horizons, rΛ− and rΛ+ and“Naked-AdS” refers to a region where f(r)
has no real roots. (Center) parameter space of the black holes with a smaller Q2 where various
scenarios occur. (Right) Extended parameter space with positive γ.
rΛ− ∼ rΛ+. For a smaller region of Q
2 and negative γ, various scenarios exist in this region
as shown in Fig. 3b. The shaded area where ∃ rΛ−, rΛ+ and ∃ rc, rH overlap, black holes with
all four positive roots exist. At the lower corner of the plot, there exists an area with only
rC and rΛ+ exist. This is denoted by “No Island”. Notice that, the ∃ rΛ−, rΛ+ region can
be extended further in the increasing Q2 direction and joins smoothly with the parameter
space display in Fig. 3a. The ∃ rC , rH region represents an area with no rΛ−, rΛ+ roots. The
horizonless case is labeled as the “Naked-AdS” region. The ∃ rC , rH and naked-AdS regions
exists for non-negative γ as illustrated in Fig. 3c. The near-extremal cases can be found by
choosing the parameters that are very close to the lines separating each regions. Example
of the near-extremal black holes with rC ∼ rH and rΛ− ∼ rΛ+ are displayed in Fig. 4 and
Fig. 5, respectively.
There are two more interesting scenarios in Fig. 3b. The line where “No Island” region
meets with “All Four Real Roots” region represents an extremal case where rH = rΛ−. The
small region on the right hand side of this line is a near-extremal condition of the rH ∼ rΛ−
type. By manipulating parameters in the theory, it is possible to find a black hole with
double extremal horizons i.e., rC = rH and rΛ− = rΛ+. This can be found at the intersection
between three regions i.e., All Four Real Roots, ∃ rC , rH and ∃ rΛ−, rΛ+ . These two cases
are shown in Fig. 6.
6
0.5 1 5 10 50 100
r
- 4
- 2
0
2
4
f (r )
M=1, Q=1.05, 
=- 0.1, =- 0.0015 and ϵ=0
rC rH r- r+
|   
(a)
0.5 1 5 10 50 100

- 1
0
1
2

4
5
f r )
M=1, Q=1, γ=- 0.03, Λ=- 0.0015 and ϵ=0
rC rH
| |
(b)
0.2 0.5 1 2
r
- 1
0
1
2
3
4
5
f (r )
M=1, Q=0.71, γ=, Λ=- 0.0015 and ϵ=0
rC rH
| |
(c)
FIG. 4. Examples of f(r) for a near-extremal black hole in asymptotically Anti de-Sitter space of
the type rC ∼ rH .
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FIG. 5. Examples of f(r) of a near-extremal black hole in asymptotically Anti de-Sitter space
where rΛ− ∼ rΛ+.
A. Creation of over-extremal spacetime, a naked singularity
From the analysis of γ-Q2 parameter space, it is found that the extremal of the type
rC = rH requires a very small amount of Q
2 once the value of γ becomes rather large. This
property would reduce any back reaction applied on any charged particle being dropped
into the black hole. It follows that a near-extremal black hole would be able to absorb
greater range of charged particle in comparison with a near-extremal in other background.
As such, it might be possible to create an over-extremal spacetime from a sub-extremal black
hole in massive gravity background. A process which has been heavily disproved in massless
gravity theory [28]. One example of such process is shown in the Fig. 7. The black hole is set
with the following parameter, M = 1 and Q = 0.1040203, while the spacetime parameters
are ǫ = 0, γ = 10, 000 and Λ = −0.0015. The absorbed charged particle possesses mass
m = 0.01 and charge q = 0.0008 with sub-extremal charge/mass ratio. The value of γ might
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FIG. 6. Examples of f(r) from near-extremal black hole in asymptotically Anti de-Sitter space.
(Left) The near-extremal black hole of the type rH ∼ rΛ−. (Right) The double extremal black hole
of the type rC = rH and rΛ− = rΛ+.
0.0075 0.0080 0.0085 cdefgh
r
- 0.2
0.0
0.2
0.4
ijk
lmn
f or )
pq1, st0.1040203..., γu10000, Λv- 0.0015 and ϵw0
rC rH
x y
(a)
0.0075 0.0080 0.0085 z{}~
r
- 0.2
0.0
0.2
0.4


f r )
1.01, Ł..., γ10000, Λ- 0.0015 and ϵ0
(b)
FIG. 7. An example of an over-extremal black hole created from a sub-extremal black hole in
massive gravity background. The largeness of γ might allow for the possibility of the charged
particle being absorbed. (Left) The sub-extremal black hole before absorbing the charged particle.
(Right) The over-extremal black hole after absorbing the charged particle.
seem absurdly high; the setting is physically sound for a black hole with huge amount of
mass. Although both charges of the black hole and the test particle are quite small, the
size of event horizon is also tiny. The test particle with sub-extremal q/m < 1 only needs
to be injected with sufficient kinetic energy to overcome the Coulomb repulsion at the near-
extremal horizon. Once the test particle passed the horizon, the spacetime should become
over-extremal and the singularity at r = 0 could be exposed, at least momentarily if not
permanently. The question becomes whether the spacetime fluctuations around the near-
extremal horizon(s) (Cauchy and event horizons very close together) due to the absorption
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of test particle would result in a stable over-extremal spacetime with naked singularity or
end up as a sub-extremal black hole spacetime after emission of energy through the QNM
oscillations. We leave this interesting problem for future investigation.
III. ANALYTIC SOLUTIONOF QUASINORMALMODES FORVARIOUS NEAR-
EXTREMAL CHARGED BLACKHOLES INMASSIVE GRAVITY BACKGROUND
In this section, we study wave equation of neutral scalar field in the near-extremal charged
black holes in generalized spherically symmetric background. A neutral massive scalar wave
equation in any spherically symmetric spacetime is described by
d2φ
dr2∗
+
[
ω2 − f(r)
(
m2s +
l(l + 1)
r2
+
f ′(r)
r
)]
φ = 0, (3)
where the tortoise coordinate r∗ is defined by
dr∗
dr
=
1
f
. Mass of the scalar field is denoted
by ms. With the form of f(r) given by (2), the metric function has four roots regardless
of whether they are real or complex numbers. We define these four roots as A, B, C and
D which can be regarded as horizon if its value is a real positive number. For example, if
we choose parameter in the “All Four Real Roots” region in Fig. 3, then we can associate
(A,B,C,D) with (rC , rH , rΛ−, rΛ+). The metric can then be rewritten as
f(r) = −
Λ
3r2
(r − A)(r −B)(r − C)(r −D). (4)
Let’s suppose that A is one of the black hole horizon which corresponding surface gravity is
positive i.e., κA ≡
f ′(A)
2
> 0. Therefore the surface gravity at the horizon A is
κA = −
Λ/3
2A2
(A− B)(A− C)(A−D)
≡
Π
2A2
(A−B), (5)
where Π = −
Λ
3
(A− C)(A−D). By comparing the two expressions of f(r), (2) and (4), the
following relations are obtained,
O(r);
3γ
Λ
= A+B + C +D, (6a)
O(1);
9
−
3τ
Λ
= AB + CD + AC +BD + AD +BC, (6b)
O(r−1);
−
6M
Λ
= ABC + ABD + ACD +BCD, (6c)
O(r−2);
−
3Q2
Λ
= ABCD, (6d)
where τ = 1+ǫ. We are now considering the near-extremal limit. The root B is now assumed
to be very close to A i.e., B → A. It is thus useful to consider the following approximations,
C +D ∼
3γ
Λ
− 2A,
CD ∼ −
3
Λ
(
Q
A
)2
,
Λ
3
=
(A+B)γ + τ −Q2/AB
(A2 +B2 + AB)
∼
(2Aγ + τ)−Q2/A2
3A2
,
Π = −
Λ
3
(A− C)(A−D) ∼ −
(
γA + τ −
2Q2
A2
)
.
Then we expand the following term around A,
(r − C)(r −D) = (A− C)(A−D) + (2A− C −D)(r − A) +O(r −A)2,
≡ (A− C)(A−D)
[
1 + p(A,C,D) · (r − A)
]
,
where p(A,C,D) is some function of A, C and D. By adding the next leading order of
(r − A), the above expansion is valid in the range further away from the extremal horizon.
This expansion is performed to prevent our solution from overlapping with the near-horizon
modes discussed in Ref. [29], which is another generic class of QNMs of black hole. While
the QNMs we calculate in this work are the all-region modes that can propagate through
the whole physical spacetime region (i.e., WKB modes), the near-horizon modes only exist
close to the corresponding horizons. It is interesting that in the near-extremal case, the two
kinds of QNMs coexist along the same imaginary axis for neutral scalar perturbations as
will be shown in subsequent Sections.
Using the above expansion, the tortoise coordinate can be expressed as
dr∗ = −
3
Λ
r2dr
(r −A)(r − B)(r − C)(r −D)
,
10
= −
3
Λ
dr
(A− C)(A−D)
(
A2
A− B
1
r −A
−
B2
(A− B)− p · (A− B)2
1
r − B
+
(Ap− 1)2
1− p · (A− B)
1
1 + p · (r −A)
)
,
= −
3
Λ
dr
(A− C)(A−D)
{
1
A−B
(
A2
r − A
−
1
1− p · (A− B)
B2
r −B
)
+
(Ap− 1)2
1− p · (A− B)
1
1 + p · (r − A)
}
.
With the near-extremal condition (A ∼ B), the above equation can be approximated as,
2κAr∗ ∼ ln(r − A)−
(B/A)2
1− p · (A− B)
ln(r −B) + C1,
∼ ln(r − A)− (B/A)2
(
1 + p · (A− B) +O(A− B)2...
)
ln(r − B) + C1,
C2e
2κAr∗ ∼ (r −A)(r − B)−(B/A)
2
,
where C1 and C2 are integration constants and κA = −
Λ
6A2
(A− B)(A− C)(A−D). It is
therefore possible to express the radial coordinate r in term of tortoise coordinate r∗
C2e
2κAr∗ ∼
r −A
r −B
,
r ∼
C2Be
2κAr∗ −A
−1 + C2e2κAr∗
=
Be2κAr∗ + A
1 + e2κAr∗
. (7)
where C2 is chosen to be −1 in the last step.
Notice that the above approximation only requires that the physical Universe is not
bounded by the extremal horizons on both sides. In the case where the physical Universe
is bounded by the extremal horizons on both sides, however, the following relationship is
obtained, A > r > B. Since A ∼ B, the value of r can be approximated to A unless
(r−A)(r−B) term is concerned. The tortoise coordinate can be expressed in term of r by
utilizing the following method,
dr∗ ∼=
A2
π
∫
dr
(r −A)(r − B)
,
=
A2
π(A−B)
∫ (
1
r − A
−
1
r −B
)
dr,
=
A2
π(A−B)
ln
(
r − A
r − B
)
+ C˜1,
C˜2e
2κAr∗ =
r −A
r −B
,
which would inevitably lead to the same result. The constant of integration is denoted by
C˜1 and C˜2. Thus Eqn. (7) is valid regardless of the type of extremality.
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From the above relations, the metric function may be expressed in the tortoise coordinate
as,
f(r∗) ∼
Π
A2
(
Be2κAr∗ + A
1 + e2κAr∗
− A
)(
Be2κAr∗ + A
1 + e2κAr∗
− B
)
,
∼ −
Π(A− B)2
A2(eκAr∗ + e−κAr∗)2
,
∼
(AκA)
2
(Aγ + τ − 2Q2/A2) cosh2(κAr∗)
. (8)
Thus, the radial Klein-Gordon equation (3) becomes,
d2φ
dr2∗
+
[
ω2 −
V0(A)
cosh2(κAr∗)
]
φ = 0, (9)
where,
V0(r) =
κ2(r)
(rγ + τ − 2Q2/r2)
[
m2sr
2 + l(l + 1)
]
. (10)
The above potential is the well-known Po¨schl-Teller potential [30]. By applying the bound-
ary condition of quasinormal modes, the following associated quasinormal frequencies are
obtained [24],
ωn = κA
{√
V0(A)
κ2A
−
1
4
−
(
n +
1
2
)
i
}
. (11)
Remark that, the above solution is obtained with the only requirement for A and B to be
real number. C and D can be either complex or real numbers without changing the result
of our calculation.
A. Solutions in Asymptotically dS Background
In the vicinity of event horizon and cosmological horizon, general solution of (3) can be
expressed as
φin ∼

 e
−iωr∗ , as r → rH
C1e
−iωr∗ + C2e
iωr∗ , as r → rΛ.
, (12)
Near the event horizon there is no outgoing wave whereas at the cosmic horizon there are
both incoming and outgoing modes.
When Λ > 0, the background metric f(r) has four possible real roots namely, r−, rC , rH ,
rΛ. As shown in Section II, there are two kinds of extremality for this background; rC ∼ rH
12
and rH ∼ rΛ. For the case of rC ∼ rH , A and B are chosen to be rH and rC while C
and D can be either r− or rΛ. Since the physical Universe is covered by only one extremal
horizon, the term (r− r−)(r− rΛ) must be expanded around rH . The resultant quasinormal
frequencies are thus given by (11),
ωn = κH
{√
V0
κ2H
−
1
4
−
(
n +
1
2
)
i
}
, (13)
where,
V0 =
κ2H
(rHγ + τ − 2Q2/r2H)
[
m2sr
2
H + l(l + 1)
]
. (14)
As for the case of rH ∼ rΛ, we choose A to be rH and B to be rΛ. C and D are mapped
to either r− or rC . With the physical universe enveloped by extremal horizons, the tortoise
coordinate can be directly calculated from dr∗ =
dr
f(r)
. The quasinormal frequencies are
given by exactly the same formulae (13) and (14).
B. Solutions in Asymptotically AdS Background
For this case, the boundary condition at the event horizon is the incoming waves and
at spatial infinity is zero for the scenario where the physical universe is in r > rΛ+ region.
However, the boundary condition changes to those of the asymptotically dS space given
by (12) when we consider the scenario where universe has two horizons, i.e., in the region
rH < r < rΛ−, with rΛ− playing the role of cosmic horizon.
The metric function f(r) can possess up to four distinct horizons when Λ < 0 i.e., rC ,
rH , rΛ− and rΛ+. rC and rH behave identically to their counterpart in the dS background.
rΛ− is akin to rΛ from the dS background. rΛ+ is event horizon for the unbounded physical
universe. While there are varieties of near-extremal black holes shown in Section II, for the
purpose of finding the QNM formula; there are only three kinds of near-extremality we will
consider. They are rC ∼ rH , rH ∼ rΛ− and rΛ− ∼ rΛ+ scenarios.
We now consider the near-extremal case where rC ∼ rH and rH ∼ rΛ−. For the latter
case, the parameter A is set to rH and B is set to rΛ−. It turns out that the quasinormal
frequencies formulas for both cases are identical to those of the dS case (13).
For the final case where rΛ− ∼ rΛ+, the root parameter A is set to be rΛ+ and B is set
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to be rΛ−. The quasinormal frequency is,
ωn = κΛ+
{√
V0
κ2Λ+
−
1
4
−
(
n +
1
2
)
i
}
,
where
V0 =
κ2Λ+
(rΛ+γ + τ − 2Q2/r2Λ+)
[
m2sr
2
Λ+ + l(l + 1)
]
. (15)
There is one special characteristic of quasinormal mode in this particular case. The pair
of near-extremal horizons is connected to two different physical Universes. Since there is
no physical constraints to prevent the above formula from functioning in both physical
universes, the above formula is valid for QNMs in both regions. This statement leads to
a very interesting conclusion. The inner physical Universe cannot perceive the existence
of the rΛ+ and the external “universe”. However, the quasinormal modes of the cosmic
horizon in this Universe (rΛ−) depends on the surface gravity of the associated horizon
rΛ+ ≃ rΛ− in such a way that it can be determined very accurately by (15), giving way
for internal observers to know the extremality of their cosmic horizon with respect to the
external universe in r > rΛ+ region. In this sense even though covered by horizons, two
physical spacetime regions or “universes” are globally connected via the unique QNMs.
IV. NUMERICAL ANALYSIS OF QUASINORMALMODES OFNEAR-EXTREMAL
BLACK HOLES IN MASSIVE GRAVITY BACKGROUND
In this section, QNMs of near-extremal dRGT massive gravity black hole with positive
and negative cosmological constant will be calculated numerically. In the dS case, we shall
employ the numerical method called Improved AIM (Asymptotic Iteration Method). For
more details on this method, please refer to Ref. [23, 31–33] and references therein. On the
other hand, the spectral method will be used for the AdS case. We refer interested reader
to Ref. [34] and references therein for more details on the spectral method. We present
some lower overtones of quasinormal frequencies (n ≤ 2) and the results are in agreement
with the analytic formula discussed earlier. These are shown in Table I, II and III. For a
good approximation, one must ensure that the quantity △r/rχ < 0.02 during the numerical
calculation where the difference of associated near-extremal horizons is denoted by △r. The
results obtained from AIM and our formula (11) are consistent with a better accuracy as
the number △r/rχ becomes smaller.
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Equation (11) has an interesting aspect. If the term under the square root is positive,
then the quasinormal frequencies have two types of frequencies with positive and negative
real parts. However, when the term under the square root becomes negative, there are two
classes of frequency both with zero real part which can be distinguished by considering an
example plot shown in FIG 8. Each class has vanishing real parts while their imaginary
parts have an equal interval between each overtone. The resultant quasinormal frequencies
are shown in the Table I, II and III.
FIG. 8. Two classes of quasinormal frequency with zero real part obtained by having negative sign
under the square root of (11). The first class ω+ is denoted by red circle label while the second
class ω− is represented by blue square label. Left: l = 0, Right: l = 2. The background parameters
are defined similarly as those in Table I–II.
In the following Sections, we shall perform detailed numerical analysis of QNMs of the
near-extremal black holes in generalized spherically symmetric background with positive and
negative cosmological constant.
A. Quasinormal Modes of Near-Extremal Black Holes with rCauchy ∼ rHorizon in dS
space
As mentioned earlier, when the term under the square root of (11) becomes negative,
the quasinormal frequencies will be purely diffusive with vanishing real part. The negative
square root term is guaranteed by setting V0/κ
2
A < 0. The condition can then be expressed
as follow,
rHγ + τ − 2
(
Q
rH
)2
< 0. (16)
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The above relation is plotted within the domain of 0.75 < Q < 1 and 0 < γ < 1 in Fig.
9. By comparing these domains with the parameter space of black holes shown in Fig. 2,
we find that any near-extremal black holes within this range satisfy the “guaranteed purely
diffusive ” condition (16). In these plots, the shaded areas are the regions where relation (16)
holds. The upper right corner of these plots indicate the regions where f(r) has only one
positive root. The near-extremal case is a small region below the extremal line completely
enveloped by the shaded area. For this case of near-extremal black holes, all quasinormal
modes are purely diffusive. The cosmological constant is chosen to be 0.03 and −0.03 in Fig.
9a and Fig. 9b respectively. It is obvious that Λ has a negligible effect on the parameter
space of (16).
(a) (b)
FIG. 9. (Left) The plot of (16) with M = 1, τ = 1 and Λ = 0.03. The shaded area shows a
region in Q-γ parameter space where (16) holds. (Right) The plot of (16) with M = 1, τ = 1 and
Λ = −0.03.
We confirm this analysis by comparing with the numerical values given by the Improved
AIM. This method relies on x¯, the point which the quasinormal frequencies are being calcu-
lated. This point should be set to 1/r¯, where r¯ satisfies the following condition,
dV0
dr
∣∣∣∣
r=r¯
= 0.
This setting is merely a suggestion to reduce computing time. However, it is vital to choose
the x¯ point that is located within our physical Universe i.e., rH < r¯ < rΛ (See [31–33]
for more details). The diffusive modes of these near-extremal black holes are computed
numerically and displayed in Table I and II.
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{M , Q, Λ, γ, τ} {l, ms, △r/rH} n ω
+ (AIM) ω+ (Formula)
{1, 0.88050678, 0.03, 0.4, 1}
{0, 0.01, 2.75 × 10−4}
0 9.7283 × 10
−9i 9.7333 × 10−9i
1 −3.5385 × 10
−4i −3.5375 × 10−4i
2 −7.0770 × 10
−4i −7.0751 × 10−4i
{1, 0.88050678, 0.03, 0.4, 1}
{2, 0.01, 2.75 × 10−4}
0 4.8972 × 10
−4i 4.8975 × 10−4i
1 1.3588 × 10
−4i 1.3599 × 10−4i
2 −2.1797 × 10
−4i −2.1776 × 10−4i
TABLE I. The quasinormal modes ω+ of near-extremal black holes with rC ∼ rH . All the cases
considered here are calculated with x¯/xH = 0.7 where xH is 1/rH . The positive sign in (11) is
chosen.
{M , Q, Λ, γ, τ} {l, ms, △r/rH} n ω
− (AIM) ω− (Formula)
{1, 0.88050678, 0.03, 0.4, 1}
{0, 0.01, 2.75 × 10−4}
0 −3.5385 × 10
−4i −3.5377 × 10−4i
1 −7.0767 × 10
−4i −7.0753 × 10−4i
2 −1.0616 × 10
−3i −1.0613 × 10−3i
{1, 0.88050678, 0.03, 0.4, 1}
{2, 0.01, 2.75 × 10−4}
0 −8.4357 × 10
−4i −8.4351 × 10−4i
1 −1.1974 × 10
−3i −1.1973 × 10−3i
2 −1.5513 × 10
−3i −1.5510 × 10−3i
TABLE II. The quasinormal modes ω− of near-extremal black holes with rC ∼ rH . All the cases
considered here are calculated with x¯/xH = 0.7 where xH is 1/rH . The negative sign in (11) is
chosen.
B. Quasinormal Modes of Near-Extremal Black Holes with rCauchy ∼ rHorizon in
AdS space
When Λ is negative the quasinormal boundary condition drastically changes from the
positive Λ case, therefore in this section, we shall employ spectral method to numerically
investigate the QNMs of near-extremal black holes. We refer interested reader to Ref. [34]
and references therein for more details on the spectral method. In Table III, we present
numerical results of the QNMs of the near-extremal black holes. The parameters are appro-
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priately chosen such that the black holes exist with rCauchy ∼ rHorizon. The numerical results
are also compared with analytic formula (11). They are shown to be in good agreement.
More interestingly, the results obtained from the Spectral Method are only consistent with
the modes which negative sign of ωn in (11) is chosen. Notably the spectral method does
not require a specification of x¯ which is crucial to AIM.
{M , Q, Λ, γ, τ} {l, ms, △r/rH} n w (spectral method) w = ω
−rH (Formula)
{1, 0.8988057, -0.03, 0.3, 1}
{0, 0.01, 0.00063}
0 0 - 5.355 × 10
−4i 0 - 5.351 × 10−4i
1 0 - 0.001071i 0 - 0.001070i
2 0 - 0.001606i 0 - 0.001605i
{1, 0.8988057, -0.03, 0.3, 1}
{1, 0.01, 0.00063}
0 0 - 9.069 × 10
−4i 0 - 9.066 × 10−4i
1 0 - 0.001442i 0 - 0.001442i
2 0 - 0.001979i 0 - 0.001977i
{1, 0.8988057, -0.03, 0.3, 1}
{2, 0.01, 0.00063}
0 0 - 0.001308i 0 - 0.001308i
1 0 - 0.001844i 0 - 0.001843i
2 0 - 0.002389i 0 - 0.002378i
{1, 0.9547402, -0.03, 0.1, 1}
{0, 0.01, 0.00086}
0 0 - 5.601 × 10
−4i 0 - 5.596 × 10−4i
1 0 - 0.001120i 0 - 0.001119i
2 0 - 0.001680i 0 - 0.001679i
{1, 0.9547402, -0.03, 0.1, 1}
{1, 0.01, 0.00086}
0 0 - 0.001027i 0 - 0.001027i
1 0 - 0.001587i 0 - 0.001587i
2 0 - 0.002148i 0 - 0.002146i
{1, 0.9547402, -0.03, 0.1, 1}
{2, 0.01, 0.00086}
0 0 - 0.001512i 0 - 0.001512i
1 0 - 0.002072 0 - 0.002071i
2 0 - 0.002635 0 - 0.002631i
TABLE III. The quasinormal frequencies of near-extremal black holes in the asymptotically AdS
space where the value of Q is tuned such that rCauchy ∼ rHorizon. The QNMs are presented in the
unit where wn = ωn · rH .
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V. ANALYSIS OF STRONG COSMIC CENSORSHIP CONJECTURE
Existence of singularity at r = 0 in the metric of a spherically symmetric black hole
spacetime predicts its own domain of validity of the underlying gravity theory at the classical
level. The existence of singularity would represent the break down of causality and unitarity
as well as the absurd infinite density. Conventional point of view is the rescue (or worsening)
of quantum gravity around the Planck scale where the singularity would be replaced by some
unknown states.
Classically, the problem of singularity can be evaded by a number of proposals. For ex-
ample, wormhole connecting to other spacetime region or other universe can be patched to
the black hole solution as the inner region of the horizon, replacing the problematic region
of spacetime containing the singularity. Bag of gold solutions (or monsters [35]) patching to
the horizon resolve the singularity with bag of spacetime with arbitrary size and entropy.
These classically patched solutions could possibly be thought of as the evolved states of
energy-matter and spacetime after they collapsed to form black hole in the outer region and
reached highly densed quantum gravity states in the inner region of the horizon. In terms
of the original metric solution containing a classical singularity, only the outside metric
is physically unchanged (modulo the tiny quantum effect of Hawking radiation) while the
unknown situations inside are irrelevant as long as there is a horizon dividing the outside
classical reliable solution and the inside unknown replacement of the classical singularity.
The Cosmic Censorship Conjecture (CC) was proposed by Penrose [36] to ensure the inde-
pendence of physics outside the horizon and the unknown singularity-regularization physics
inside. After some development, the conjecture evolved into two main hypotheses namely,
the Strong Cosmic Censorship (SCC) and the Weak Cosmic Censorship (WCC). For the
Strong Cosmic Censorship, the maximal Cauchy development of initial data is inextendible
and classical determinism of General Relativity is preserved. The Weak Cosmic Censorship
states that if there exist singularities, they must be hidden behind horizons and cannot be
extended to the future null infinity.
For a charged black hole or Reissner-Nordstrom solution in GR, the central singularity
is always covered by a Cauchy horizon for sub-extremal black holes. This Cauchy horizon
naturally blueshifts any finite incoming waves from the outer region to an unbound magni-
tude rendering the background spacetime unstable. The instability leads to inextendibility
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of spacetime beyond the Cauchy horizon and thus preserves the SCC. As such, any singu-
larity of the charged black hole should be covered by an unstable Cauchy horizon. However,
the notion of “inextendibility” of spacetime has some subtlety, e.g. for smooth initial data
with 1 > β > 1/2 (see definition below), the Cauchy horizon could be Cr (r ≥ 1) inex-
tendible while allowing the finite energy solution to pass across [37]. Also, the SCC could
be respected for non-smooth initial data while violated for the smooth ones [38].
Following a proposal in Ref. [15, 39], the validity of Cr and Christodoulou [40] versions
of SCC for smooth initial data is determined by a parameter
β =
α
|κC |
, (17)
where the spectral gap α = −Im ω of the longest living quasinormal mode and κC is the
surface gravity of Cauchy horizon. With β < 1
2
, the Christodoulou version of SCC (CSCC)
holds. While the C1-SCC version only requires that β < 1. From our formula for quasinormal
mode frequencies the parameter α is,
α = inf
{
−κχIm
[
±
√
V0(ms, l)
κ2χ
−
1
4
−
(
n+
1
2
)
i
]}
. (18)
The symbol inf is called infimum that takes the smallest value of a subset. For the purpose
of this paper, this symbol represents the smallest value of −Im ωn,l provided that the value
is still positive. If −Im ωn,l is zero or negative, then the quasinormal mode is a constant or
growing mode, which violates our definition of α.
It is shown in the master equation for the near-extremal quasinormal mode (11) that
ωn depends on κχ, where κχ is the surface gravity of a near-extremal horizon whose value
is positive. If the pair of extremal horizons does not contain a Cauchy horizon, then the
following property holds,
β ∼
κχ
|κC |
≪ 1, (19)
since the surface gravity of near-extremal horizons are much less than the surface gravity of
the Cauchy horizon. Therefore, both CSCC and C1-SCC hold for all near-extremal black
holes whose Cauchy horizon is not a near-extremal horizon. Hence, for the rest of this
Section, only the case where Cauchy horizon is also a near-extremal horizon is considered.
From Section II, multitude of loci of extremal condition are demonstrated in Fig. 1 and 3
for the dS and AdS cases respectively. By perturbing these locus lines, loci of near-extremal
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condition are obtained. The value of β can be evaluated along these loci and both conjectures
can be subsequently verified. If the term under the square root sign of the QNM expression
is positive, the formula of β is then simplified as
β =
κχ
|κC |
(
n+
1
2
)
.
It is clear that n must be set to zero. This setting leads to the following relation,
β . 1/2, implying that both CSCC and C1-SCC are not violated. Fortunately for
κC /∈ Near-Extremal horizon, all kinds of near-extremal background satisfy the following
conditions simultaneously,
V0(l)
κ2χ
−
1
4
> 0,
and thus CSCC and C1-SCC hold.
For the case where the term under the square root of Eqn. (11) is negative, the value
of β is much more complicated to inspect. Let us choose the negative sign for the square
root sign (i.e. the square root gives negative imaginary value). For this case, the β has the
minimum value if n = 0. Since both κχ and κC are both extremal horizons, κχ/κC . 1.
While the exact value of the term under the square root is yet to be calculated, we know
from previous numerical calculation that V0/κ
2
χ < 0 and thus β ≥ 1. Hence, the positive sign
of the square root must be chosen to explore the validity of both versions of SCC. Before
any further investigation is made, it is useful to consider the following statement. Since the
mass of black holeM is set to one and the ratio of scalar mass to the black hole mass should
be small to avoid the backreaction, ms ≪ 1 approximation can be imposed. Moreover, since
only the m2s ≪ 1 term appears in the formula for β, the massless approximation can be
employed without much loss of generality. With the relation, R ≡ κχ/κC . 1, the formula
for β is simplified as the following,
κC
κχ
β =
(
n +
1
2
)
−
√
1
4
−
l(l + 1)
rχγ + τ − 2Q2/r2χ
.
We then define an auxiliary function H(τ,M,Q, γ,Λ) = −
1
rχγ + τ − 2Q2/r2χ
. This function
contains all the spacetime parameters. The β becomes,
κC
κχ
β =
(
n+
1
2
)
−
√
1
4
+Hl(l + 1). (20)
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From the condition of CSCC,
0 <
κC
κχ
β <
1
2R
,
leading to the constraint
n(n+ 1)
l(l + 1)
> H >
n(n + 1)
l(l + 1)
−
(
n+ 1
2
− 1
4R
)
R l(l + 1)
. (21)
The parameter H is then being calculated along the near-extremal loci given in Fig. 1 and 3.
By simply show that the upper and lower bounds from (21) can cover all ranges of possible
H , the CSCC would be proven to be valid.
A. The Strong Cosmic Censorship Conjectures for near-extremal Black Holes in
asymptotically dS space
In this case, only the near-extremal black holes of the kind rC ∼ rH need to be considered.
The CSCC for rH ∼ rΛ near-extremal case automatically holds since it satisfies (19). By
setting M = 1 and Λ = 0.03, the extremal line can be plotted in Q2-γ parameter space as
shown in Fig. 1. The parameter H is then being calculated along the near-extremal locus
in Fig. 1 (a) and (b).
The plot between H and γ is shown in Fig. 10. From this information, the following sets
of n and l are used to calculate the upper and lower bounds of H as shown in Table IV.
(n,l) n
2−1/4
l(l+1)
n(n+1)
l(l+1)
(1,1) 38 1
(3,5) 724
2
5
(1,2) 18
1
3
(3,8) 35288
1
6
TABLE IV. Upper and lower bounds of H
Various sets of {n, l} are needed to cover this range. In order from the lowest to the highest
bounds, the sets are {14, 13}, {8, 7}, {5, 4}, {3, 2}, {2, 1}, {6, 3} and {14, 7}. These set
altogether cover from 1.075 to 3.75. The next sets are {17, 8}, {11, 5}, {3, 1}, {6, 2}, {9, 3},
{15, 5}, {4, 1}, {14, 4}, {11, 3}, {8, 2}, {12, 3}, {5, 1} and {25, 6}. These sets cover the range
from 4.01042 to 15.47. Lastly, the group of set covers from 16.089 to 26. This group consists
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FIG. 10. An example of H calculated along near-extremal line rC ∼ rH . The calculation is done
with M = 1 and Λ = 0.03.
of {26, 6}, {10, 2}, {6, 1}, {11, 2}, {16, 3}, {26, 5}, {31, 6}, {46, 9} and {12, 2}. There are
three gaps uncovered by all the above sets of {n, l}, i.e., 1 < H < 1.075, 3.75 < H < 4.01042
and 15.47 < H < 16.089. At these gaps, the CSCC could be violated. On the other hand,
there is one set of {n, l} = {0, 0} (after retrieving the mass term m2s in V0) that protects
C1-SCC throughout all possible values of γ.
B. The Strong Cosmic Censorship Conjectures for Black Hole in Anti de-Sitter
space
For the asymptotically Anti de-Sitter background, it is best to differentiate a case where
γ is positive and negative. If γ is positive, the only term in the metric f(r) whose value
can be negative is −2M/r term. While this suffices to create a region with negative value
of f(r) and two horizons, it is not enough to allow existence of more than two positive real
roots. Hence, there is only one case of near-extremal black hole to be considered, rC ∼ rH .
As shown in Fig. 1 and 3, the near-extremal conditions of this kind are each represented
by a curve that is quite similar to the asymptotically de-Sitter case. Since the numerical
value of Λ is small, the effect of Λ is dominated by all other parameters. Hence, the value of
H along this line behaves very similar to its counterpart in the de-Sitter case. The sets of
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bounds from the previous section can be used to verify the validity of the SCCs for positive
γ case.
In the case of γ < 0, there are two curves of near-extremality to be inspected. As shown
in Fig. 3, there are three loci of extremality. However, one of them embodies the extremal
of the type rH ∼ rΛ−, an extremal condition which automatically satisfies the SCCs. First,
we evaluate parameter H along the left-to-right extremal curve of Fig.3 (b). The near-
extremal condition is rC ∼ rH along this line. The value of γ is then varied within the range
γ > −0.167846. If the value of γ falls below −0.167846, rH would cease to exist. Along the
locus of near-extremal condition, the value of H has a range of 1.077 to 34.4687. Certainly,
the value of H along this extremal condition is much alike to its counterpart in de-Sitter
case. Hence, the sets of {n, l} from the dS case can be used to cover most of the range
of H here. However, the range of H is greater in this case and requires additionally sets
of {n, l} to completely envelop the range of H . These additional sets are {7, 1}, {18, 3},
{13, 2}, {19, 3}, {25, 4} and {8, 1}, which cover a range of 24.375 to 36. Similar to the dS
case, there are exactly the same gaps in the range of H(γ) where the CSCC seems to be
violated. However, the C1-SCC is protected by the same reason, {0, 0} (after retrieving the
mass term m2s ≪ 1 in V0) validates the bounds (21).
Lastly, the vertical extremal curve in Fig. 3 (b) is considered. The domain of γ is −0.094
to −0.043672 for this case. Function H still has a similar monotonic property varying in
the range 1.16408 < H < 0.059327. From Table IV, the bounds are found to cover the
range of values from 1 to 35
288
≃ 0.1215. We simply need to extend the coverage range with
a set of parameter shown in Table V. On the other hand, the range of 1.075 to 1.16408 has
(n, l) Lower Bounds n
2−1/4
l(l+1) Upper Bounds
n(n+1)
l(l+1)
(3,9) 772
2
15
(2,7) 15224
3
28
(2,8) 596
1
12
TABLE V. Upper and lower bounds of H
been shown to be covered in the dS case. There is still, however, one range of H not being
covered, i.e., 1 < H < 1.075. The CSCC is potentially violated within this gap while the
C1-SCC is still protected.
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C. The Effect of R on the Strong Cosmic Censorship Conjecture
From (21), it is apparent that the validity of both versions of SCC also depends on a
parameter R. In the last two Sections, this parameter is being approximated to unity. As a
check, the value of R was being evaluated along the same loci of near-extremality for each
case. It is found that the value of R is generally less than 1 by a factor of 10−4. The effect
of R on the bounds from (21) is thus in the order of 1 × 10−3 when compared to the value
obtained using R = 1 approximation. Since each set of bounds will be overlapped by a
larger margin for R < 1, this approximation is justified.
Interestingly for a near-extremal case where rC ∼ rH , as the value of γ decreases, the
black hole may become a double near-extremal of the kind rC ∼ rH ∼ rΛ(Λ−). In this range
of values of γ, it is important to verify whether the black hole is locally near-extremal with
R ≃ 1. If for example |rC − rH | ∼ |rH − rΛ(Λ−)|, the black hole is not locally near-extremal
and the value of R cannot be approximated to 1. In this case, the master formula (11) is
not valid. However, if the spacetime parameters are such that
|rC − rH |
|rH − rΛ(Λ−)|
≪ 1, the value
of R moves toward unity and the legitimacy of our master formula is restored.
D. SCCs for γ = 0 spacetime, the charged black hole case
In this section the value of H is being evaluated when γ is set to zero. By setting
the parameter γ to zero from the very beginning, the obtained numerical parameters are
functions of onlyM , Q and Λ. With the value ofM set to unity, the near-extremal condition
acts as a constraint relating Q to Λ. We are only interested in the near-extremal black holes
with rC ∼ rH . For −0.05 < Λ < 0.05, the range of H is 0.9156 < H < 1.1227. According
to our previous investigation into the bounds of H which depend only on n and l, the only
value of H that can violate the CSCC is 1 ≤ H < 1.00774 (gap between upper bound of
(n, l) = (1, 1) and lower bound of (n, l) = (130, 129)) as shown in Fig. 11. This occurs at e.g.
H = 1 corresponding to the black hole withM = 1, γ = 0, Q = 0.99985 and Λ = −0.000895.
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FIG. 11. The value of H calculated along near-extremal line rC ∼ rH for M = 1 and γ = 0.
VI. BLACK STRINGS IN THE NEAR-EXTREMAL LIMITS
In standard general relativity (GR) with negative cosmological constant, there exists
a cylindrically symmetric solution, i.e., a black string. However, in the dRGT massive
gravity theory, the effect of graviton mass also allows the existence of black string in the
asymptotically dS background which is not possible in GR. The metric of the dRGT black
string is given by [41],
ds2 = −f(r)dt2 +
dr2
f(r)
+ r2
(
α2gdz
2 + dϕ2
)
, (22)
where
f(r) = α2mr
2 −
2M
r
+
Q2
r2
+ γr + ǫ. (23)
The Klein-Gordon equation in radial direction takes the form [23],
d2φ
dr2∗
+
[
ω2 − f
(
m2s +
1
r2
(
λ2 +
k2
α2g
)
+
f ′
r
)]
φ = 0, (24)
where ω, k and λ are the frequency, the wave number and angular quantum number of the
scalar perturbation respectively. The scalar wave equation of the black hole case (3) is
related to the black string by the following replacement
−
Λ
3
→ α2m,
τ → ǫ,
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l(l + 1)→ λ2 +
k2
α2g
.
Therefore, the formula for the quasinormal frequencies in the black string case is simply
given by
ωn = κχ
{
±
√
V0
κ2χ
−
1
4
−
(
n+
1
2
)
i
}
, (25)
where
V0 =
κ2χ
rχγ + ǫ− 2Q2/r2χ
[
m2sr
2
χ + λ
2 +
(
k
αg
)2]
. (26)
The subscript χ represents an extremal horizon whose surface gravity is positive. Similar
to the black hole case, the approximation formula is confirmed by utilizing AIM (for dS
and AdS) and the Spectral Method (for AdS). We find that the formula works very well for
∆r/rχ < 0.02, where ∆r is the difference between the pair of near-extremal horizons.
VII. CONCLUSIONS AND DISCUSSIONS
In this work, an approximation formula for QNMs of near-extremal black hole in gen-
eralized spherically symmetric spacetime is derived by utilizing the Po¨schl-Teller potential.
Extending the domain of validity of the approximation used in Ref. [12] from the small uni-
verse scenario where the event horizon approaching the cosmic horizon, the approximation
formula is shown to be valid for any near-extremal scenarios where any two of the horizons
approaching one another. This includes the scenario where Cauchy horizon approaching
the event horizon while remotely separated from the cosmic horizon, i.e., the large universe
scenario in the presence of near-extremal black hole. In the generic near-extremal limits,
the Klein-Gordon wave equation takes a simplified form,
d2φ
dr2∗
+
(
ω2 −
V0(r)
cosh2(κχr∗)
)
φ = 0.
It is well-known that this kind of differential equation has an exact solution with the complex
frequencies
ωn = κχ
{
±
√
V0
κ2χ
−
1
4
−
(
n+
1
2
)
i
}
.
The above formula can be used to calculate quasinormal modes of near-extremal spherically
symmetric black holes and non-rotating black strings for various near-extremal conditions.
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Numerical calculations by AIM and spectral method are performed to confirm the validity
of the approximation formula for asymptotic dS and AdS cases.
It is found in Ref. [34] that there are three kinds of QNMs in the generalized black
hole spacetime, near-event-horizon, near-cosmic-horizon, and all-region (or WKB) modes.
All the results considered throughout this work are the QNMs of the all-region mode of the
near-extremal black hole since the corresponding solutions are derived from the approximate
Po¨schl-Teller-type potential. There are also near-horizon modes which do not obey Eq. (11)
but rather the formulae given in Ref. [29]. All of the three kinds of modes appear in
numerical analyses using AIM. The existence of different kinds of quasinormal frequencies
suggests that other than parameters of black hole (mass, charged and spin) the observed
quasinormal frequencies also depend on the location of their origin. It would be interesting
to explore under what circumstances each type of QNMs will be produced and whether we
can observe every type of QNMs from actual events of black hole ringdown.
In the near-extremal case of GR-type charged black hole with γ = 0, the CSCC (Christodoulou
version of SCC) is found to be violated for certain range of BH parameters as shown in
Fig. 11. For more generic BH with nonzero γ, CSCC can be violated in a number of ranges
of BH parameters as discussed in Section V.
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Appendix A: Rescaling Parameter for Alternative Value of M
Throughout this paper the value of M is set to unity. However, it is possible to set
the value of M to any other number. While it is possible to recalculate all results with
various value of M , it is more convenient to simply rescaling our result to different value
of M . This can be achieved by rescaling r = Mr˜. Thus it is possible to rewritten the
metric function, spacetime parameters and the Klein-Gordon equation in term of r˜ and tilde
quantities. These transformations are shown in Table VI.
28
Quantity General Spacetime Parameter The Tilde Notation
Mass M 1
Charge Q Q˜ = Q/M
Graviton Self-interaction parameter γ γ˜ = γM
Cosmology Constant Λ Λ˜ = ΛM2
Scalar Mass ms m˜s = msM
Quasinormal Frequency ω ω˜ = ωM
TABLE VI. Table of rescaling parameters
[1] N. Cornish, D. Blas and G. Nardini, “Bounding the speed of gravity with
gravitational wave observations,” Phys. Rev. Lett. 119, no. 16, 161102 (2017)
doi:10.1103/PhysRevLett.119.161102 [arXiv:1707.06101 [gr-qc]].
[2] B. P. Abbott et al. [LIGO Scientific and Virgo and Fermi-GBM and INTEGRAL Col-
laborations], “Gravitational Waves and Gamma-rays from a Binary Neutron Star Merger:
GW170817 and GRB 170817A,” Astrophys. J. 848, no. 2, L13 (2017) doi:10.3847/2041-
8213/aa920c [arXiv:1710.05834 [astro-ph.HE]].
[3] K. D. Kokkotas and B. G. Schmidt, “Quasinormal modes of stars and black holes,” Living
Rev. Rel. 2, 2 (1999) doi:10.12942/lrr-1999-2 [gr-qc/9909058].
[4] E. Berti, V. Cardoso and A. O. Starinets, “Quasinormal modes of black holes and
black branes,” Class. Quant. Grav. 26, 163001 (2009) doi:10.1088/0264-9381/26/16/163001
[arXiv:0905.2975 [gr-qc]].
[5] S. W. Kim, “Wormhole perturbation and its quasi normal modes,” Prog. Theor. Phys. Suppl.
172, 21 (2008). doi:10.1143/PTPS.172.21
[6] R. A. Konoplya and A. Zhidenko, “Wormholes versus black holes: quasinormal ringing at
early and late times,” JCAP 1612, no. 12, 043 (2016) doi:10.1088/1475-7516/2016/12/043
[arXiv:1606.00517 [gr-qc]].
[7] V. Cardoso, E. Franzin and P. Pani, “Is the gravitational-wave ringdown a probe of the event
horizon?,” Phys. Rev. Lett. 116, no. 17, 171101 (2016) Erratum: [Phys. Rev. Lett. 117,
no. 8, 089902 (2016)] doi:10.1103/PhysRevLett.117.089902, 10.1103/PhysRevLett.116.171101
29
[arXiv:1602.07309 [gr-qc]].
[8] R. A. Konoplya and A. Zhidenko, “Quasinormal modes of black holes: From astro-
physics to string theory,” Rev. Mod. Phys. 83, 793 (2011) doi:10.1103/RevModPhys.83.793
[arXiv:1102.4014 [gr-qc]].
[9] S. W. Hawking, G. T. Horowitz and S. F. Ross, “Entropy, Area, and black hole pairs,” Phys.
Rev. D 51, 4302 (1995) doi:10.1103/PhysRevD.51.4302 [gr-qc/9409013].
[10] J. Crisstomo, S. Lepe and J. Saavedra, “Quasinormal modes of extremal BTZ black hole,”
Class. Quant. Grav. 21, 2801 (2004) doi:10.1088/0264-9381/21/12/002 [hep-th/0402048].
[11] M. Richartz, “Quasinormal modes of extremal black holes,” Phys. Rev. D 93, no. 6, 064062
(2016) doi:10.1103/PhysRevD.93.064062 [arXiv:1509.04260 [gr-qc]].
[12] V. Cardoso and J. P. S. Lemos, “Quasinormal modes of the near extremal Schwarzschild-
de Sitter black hole,” Phys. Rev. D 67, 084020 (2003) doi:10.1103/PhysRevD.67.084020
[gr-qc/0301078].
[13] A. Maassen van den Brink, “Approach to the extremal limit of the Schwarzschild-
de sitter black hole,” Phys. Rev. D 68, 047501 (2003) doi:10.1103/PhysRevD.68.047501
[gr-qc/0304092].
[14] S. Yoshida and T. Futamase, “Numerical analysis of quasinormal modes in nearly
extremal Schwarzschild-de Sitter space-times,” Phys. Rev. D 69, 064025 (2004)
doi:10.1103/PhysRevD.69.064025 [gr-qc/0308077].
[15] V. Cardoso, J. L. Costa, K. Destounis, P. Hintz and A. Jansen, “Quasinormal
modes and Strong Cosmic Censorship,” Phys. Rev. Lett. 120, no. 3, 031103 (2018)
doi:10.1103/PhysRevLett.120.031103 [arXiv:1711.10502 [gr-qc]].
[16] Y. Mo, Y. Tian, B. Wang, H. Zhang and Z. Zhong, “Strong cosmic censorship for the massless
charged scalar field in the Reissner-Nordstromde Sitter spacetime,” Phys. Rev. D 98, no. 12,
124025 (2018) doi:10.1103/PhysRevD.98.124025 [arXiv:1808.03635 [gr-qc]].
[17] O. J. C. Dias, H. S. Reall and J. E. Santos, “Strong cosmic censorship for charged de Sit-
ter black holes with a charged scalar field,” Class. Quant. Grav. 36, no. 4, 045005 (2019)
doi:10.1088/1361-6382/aafcf2 [arXiv:1808.04832 [gr-qc]].
[18] S. Hod, “Quasinormal modes and strong cosmic censorship in near-extremal
KerrNewmande Sitter black-hole spacetimes,” Phys. Lett. B 780, 221 (2018)
doi:10.1016/j.physletb.2018.03.020 [arXiv:1803.05443 [gr-qc]].
30
[19] B. Ge, J. Jiang, B. Wang, H. Zhang and Z. Zhong, “Strong cosmic censorship for the mass-
less Dirac field in the Reissner-Nordstrom-de Sitter spacetime,” JHEP 1901, 123 (2019)
doi:10.1007/JHEP01(2019)123 [arXiv:1810.12128 [gr-qc]].
[20] K. Destounis, “Charged Fermions and Strong Cosmic Censorship,” Phys. Lett. B 795, 211
(2019) doi:10.1016/j.physletb.2019.06.015 [arXiv:1811.10629 [gr-qc]].
[21] B. Gwak, “Strong Cosmic Censorship under Quasinormal Modes of Non-Minimally Coupled
Massive Scalar Field,” Eur. Phys. J. C 79, no. 9, 767 (2019) doi:10.1140/epjc/s10052-019-
7283-5 [arXiv:1812.04923 [gr-qc]].
[22] Q. Gan, G. Guo, P. Wang and H. Wu, “Strong Cosmic Censorship for a Scalar Field in a
Born-Infeld-de Sitter Black Hole,” arXiv:1907.04466 [hep-th].
[23] S. Ponglertsakul, P. Burikham and L. Tannukij, “Quasinormal modes of black strings
in de RhamGabadadzeTolley massive gravity,” Eur. Phys. J. C 78, no. 7, 584 (2018)
doi:10.1140/epjc/s10052-018-6057-9 [arXiv:1803.09078 [gr-qc]].
[24] D. Agboola, “Solutions to the modified Po¨schl-Teller Potential in D-dimensions,” Chin. Phys.
Lett. 27, 040301 (2010) doi:10.1088/0256-307X/27/4/040301 [arXiv:0811.3613 [math-ph]].
[25] S. G. Ghosh, L. Tannukij and P. Wongjun, “A class of black holes in dRGT massive gravity and
their thermodynamical properties,” Eur. Phys. J. C 76, no. 3, 119 (2016) [arXiv:1506.07119
[gr-qc]].
[26] S. Panpanich and P. Burikham, “Fitting rotation curves of galaxies by de Rham-
Gabadadze-Tolley massive gravity,” Phys. Rev. D 98, no. 6, 064008 (2018)
doi:10.1103/PhysRevD.98.064008 [arXiv:1806.06271 [gr-qc]].
[27] P. Kareeso, P. Burikham and T. Harko, Eur. Phys. J. C 78, no. 11, 941 (2018)
doi:10.1140/epjc/s10052-018-6408-6 [arXiv:1802.01017 [gr-qc]].
[28] J. Sorce and R. M. Wald, “Gedanken experiments to destroy a black hole. II. Kerr-Newman
black holes cannot be overcharged or overspun,” Phys. Rev. D 96, no. 10, 104014 (2017)
doi:10.1103/PhysRevD.96.104014 [arXiv:1707.05862 [gr-qc]].
[29] S. Ponglertsakul, P. Burikham and T. Tangphati, “Near-horizon quasinormal modes of charged
scalar around a general spherically symmetric black hole,” Phys. Rev. D 99, no. 8, 084002
(2019) doi:10.1103/PhysRevD.99.084002 [arXiv:1812.09838 [hep-th]].
[30] G. Po¨schl and E. Teller, “Bemerkungen zur Quantenmechanik des anharmonischen Oszilla-
tors,” Zeitschrift fu¨r Physik (1993)
31
[31] H. T. Cho, A. S. Cornell, J. Doukas and W. Naylor, “Black hole quasinormal modes using
the asymptotic iteration method,” Class. Quant. Grav. 27, 155004 (2010) doi:10.1088/0264-
9381/27/15/155004 [arXiv:0912.2740 [gr-qc]].
[32] H. T. Cho, A. S. Cornell, J. Doukas, T. R. Huang and W. Naylor, “A New Approach to Black
Hole Quasinormal Modes: A Review of the Asymptotic Iteration Method,” Adv. Math. Phys.
2012, 281705 (2012) doi:10.1155/2012/281705 [arXiv:1111.5024 [gr-qc]].
[33] H. Ciftci, R. L. Hall and N. Saad, “Asymptotic Iteration Method for Eigen-
value Problems,” J. Phys. A 36, 11807-11816 (2003) doi:10.1088/0305-4470/36/47/008
[arXiv:math-ph/0309066v1].
[34] P. Burikham, S. Ponglertsakul and L. Tannukij, “Charged scalar perturbations on charged
black holes in de Rham-Gabadadze-Tolley massive gravity,” Phys. Rev. D 96, no. 12, 124001
(2017) doi:10.1103/PhysRevD.96.124001 [arXiv:1709.02716 [gr-qc]].
[35] Y. C. Ong and P. Chen, JHEP 1307, 147 (2013) doi:10.1007/JHEP07(2013)147
[arXiv:1304.3803 [hep-th]].
[36] R. Penrose, “Gravitational collapse: The role of general relativity,” Riv. Nuovo Cim. 1, 252
(1969) [Gen. Rel. Grav. 34, 1141 (2002)]. doi:10.1023/A:1016578408204
[37] O. J. C. Dias, H. S. Reall and J. E. Santos, JHEP 1810, 001 (2018)
doi:10.1007/JHEP10(2018)001 [arXiv:1808.02895 [gr-qc]].
[38] M. Dafermos and Y. Shlapentokh-Rothman, Class. Quant. Grav. 35, no. 19, 195010 (2018)
doi:10.1088/1361-6382/aadbcf [arXiv:1805.08764 [gr-qc]].
[39] P. Hintz and A. Vasy, “Analysis of linear waves near the Cauchy horizon of cosmological black
holes,” J. Math. Phys. 58, no. 8, 081509 (2017) doi:10.1063/1.4996575 [arXiv:1512.08004
[math.AP]].
[40] D. Christodoulou, “The Formation of Black Holes in General Relativity,” arXiv:0805.3880
[gr-qc].
[41] L. Tannukij, P. Wongjun and S. G. Ghosh, “Black String in dRGT Massive Gravity,” Eur.
Phys. J. C 77, no. 12, 846 (2017) doi:10.1140/epjc/s10052-017-5426-0 [arXiv:1701.05332 [gr-
qc]].
32
